Constraining the double gluon distribution by the single gluon distribution  by Golec-Biernat, Krzysztof et al.
Physics Letters B 750 (2015) 559–564Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Constraining the double gluon distribution by the single gluon 
distribution
Krzysztof Golec-Biernat a,b, Emilia Lewandowska a, Mirko Serino a, Zachary Snyder c, 
Anna M. Stas´to a,c,∗
a Institute of Nuclear Physics Polish Academy of Sciences, 31-342 Cracow, Poland
b Faculty of Mathematics and Natural Sciences, University of Rzeszów, 35-959 Rzeszów, Poland
c Penn State University, University Park, PA 16802, United States
a r t i c l e i n f o a b s t r a c t
Article history:
Received 23 August 2015
Received in revised form 22 September 
2015
Accepted 28 September 2015
Available online 3 October 2015
Editor: A. Ringwald
Keywords:
Quantum chromodynamics
Parton distributions
Evolution equations
Sum rules
We show how to consistently construct initial conditions for the QCD evolution equations for double 
parton distribution functions in the pure gluon case. We use to momentum sum rule for this purpose 
and a speciﬁc form of the known single gluon distribution function in the MSTW parameterization. 
The resulting double gluon distribution satisﬁes exactly the momentum sum rule and is parameter 
free. We also study numerically its evolution with a hard scale and show the approximate factorization 
into product of two single gluon distributions at small values of x, whereas at large values of x the 
factorization is always violated in agreement with the sum rule.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Multiparton interactions play an important role in the hadronic 
collisions at high energies. They occur when at one encounter 
of the initial hadrons, more than one partonic interaction occurs. 
They were ﬁrst observed and measured at the Tevatron [1–4] and 
subsequently a systematic experimental study was performed at 
the higher energy Large Hadron Collider [5–7]. The theoretical de-
scription of such interactions within perturbative QCD is possible 
in the presence of the suﬃciently hard scales. The computation of 
double parton scattering (DPS) cross sections within the collinear 
framework makes use of the double parton distribution functions 
(DPDFs) [8–35]. In the collinear leading logarithmic approximation 
DPDFs obey QCD evolution equations [8,9,12,13,18,36], similar to 
the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) evolution 
equations for single parton distribution functions (PDFs). The evo-
lution equations for DPDFs conserve new sum rules which relate 
the double and single parton distributions once they are imposed 
on initial conditions to the evolution equations at some initial 
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SCOAP3.scale. All the attempts up till now to construct conditions which 
satisfy these sum rules were rather unsuccessful, see e.g. Refs. [13,
18,37] with an exception of the analysis [38] for valence quarks 
only.
In this letter, we show how to consistently perform such a con-
struction in a pure gluon case, using the known single PDFs in the 
MSTW parameterization [39] and the momentum sum rule. We 
ﬁnd the parameter free double gluon distribution which we evolve 
with our numerical program. In particular, we study the buildup of 
its approximately factorizable form for small values of parton mo-
mentum fractions, x1,2 < 0.1. The full case with quarks and gluons 
is postponed to a separate publication.
2. Evolution equations and sum rules
We consider the DPDFs with equal hard scales, Q 1 = Q 2 ≡ Q , 
and the relative momentum q = 0:
D f1 f2(x1, x2, Q ) ≡ D f1 f2(x1, x2, Q , Q ,q= 0) , (1)
where x1,2 ∈ [0, 1] are parton momentum fractions, which obey 
the condition x1 + x2 ≤ 1, and f1,2 are parton ﬂavors (including 
gluon) [17,22]. In this case, the evolution equations in the leading 
logarithmic approximation read under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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∂ ln Q 2
D f1 f2(x1, x2, Q )
= αs(Q )
2π
∑
f ′
{ 1−x2∫
x1
du
u
P f1 f ′
( x1
u
)
D f ′ f2(u, x2, Q )
+
1−x1∫
x2
du
u
P f2 f ′
( x2
u
)
D f1 f ′(x1,u, Q )
+ 1
x1 + x2 P
R
f ′→ f1 f2
(
x1
x1 + x2
)
× D f ′(x1 + x2, Q )
}
, (2)
where the functions P on the r.h.s. are the leading order Altarelli–
Parisi splitting functions (with virtual corrections for P f f in-
cluded). The third term on the r.h.s. corresponds to the splitting of 
one parton into two daughter partons, described by the Altarelli–
Parisi splitting function for real emission, P Rf ′→ f1 f2 . It contains 
the single PDF, D f ′ , thus eq. (2) has to be solved together with 
the ordinary DGLAP equations, see e.g. Ref. [18] for more de-
tails.
The signiﬁcance of the splitting terms in the evolution equa-
tions (2) for the computation of the double parton scattering 
cross sections was a subject of intensive debate in the literature 
over the last few years [17,18,21,22,26,31,32,40]. The conclusion 
which emerges from this discussion is that the processes which 
are summed up by the splitting terms and coming from both 
hadrons in hadron–hadron collisions should rather be classiﬁed 
as the single parton scattering process [26]. On the other hand, 
the so-called single splitting contributions, with parton splitting 
from one hadronic side only, are important for the double par-
ton scattering cross sections [15,31,32,41]. From the perspective of 
the present paper, in which we only concentrate on the evolution 
of the DPDFs, the splitting terms in the evolution equations are 
crucial for the conservation of sum rules which are discussed be-
low.
The sum rules which are conserved by the evolution equa-
tions (2) are the momentum and valence quark number sum 
rules [14]. Imposing them for initial conditions speciﬁed at some 
initial scale Q 0, they are guaranteed to be satisﬁed at any other 
scale Q . The momentum sum rule for the DPDFs reads
∑
f1
1−x2∫
0
dx1 x1D f1 f2(x1, x2) = (1− x2)D f2(x2) , (3)
while the valence quark number sum rule is given by
1−x2∫
0
dx1
{
Dqf2(x1, x2) − Dq f2(x1, x2)
}
= (Nq − δ f2q + δ f2q)D f2(x2) , (4)
where q = u, d, s and Nu = 2, Nd = 1, Ns = 0 are the valence quark 
number for each of the quark ﬂavors. The same relations hold true 
with respect to the second parton
∑
f2
1−x1∫
dx2 x2D f1 f2(x1, x2) = (1− x1)D f1(x1) , (5)01−x1∫
0
dx2
{
D f1q(x1, x2) − D f1q(x1, x2)
}
= (Nq − δ f1q + δ f1q)D f1(x1) . (6)
Notice that if the DPDFs are parton exchange symmetric,
D f1 f2(x1, x2) = D f2 f1(x2, x1) , (7)
the sum rules with respect to the ﬁrst parton imply the sum rules 
with respect to the second one since the evolution equations also 
conserve parton exchange symmetry.
We see that the above sum rules relate the double and single 
parton distribution functions, which reﬂects the common origin of 
those distributions, namely, the expansion of the nucleon state in 
Fock light-cone components [14]. In addition, the sum rules for the 
single parton distributions are also satisﬁed – the momentum sum 
rule
∑
f
1∫
0
dx xD f (x) = 1 (8)
and the quark valence sum rule for q = u, d, s
1∫
0
dx
{
Dq(x) − Dq(x)
}= Nq . (9)
3. Mellin moment formulation
Let us perform the double Mellin transform of the DPDFs
D˜ f1 f2(n1,n2) =
1∫
0
dx1
1∫
0
dx2 (x1)
n1−1(x2)n2−1
× D f1 f2(x1, x2)(1− x1 − x2), (10)
where n1,2 are complex numbers and we omit the scale Q 0 in 
the notation from now on. The step function (1 − x1 − x2) is 
inserted into the deﬁnition of the Mellin transform since this is 
the region over which the double parton distribution is deﬁned. 
Similarly, for the single parton distribution functions, we deﬁne 
the Mellin moments
D˜ f (n) =
1∫
0
dx xn−1D f (x) , (11)
where n is a complex number. The Mellin moments can be trans-
formed back to the x-space using the inverse transformation for 
the single parton distribution,
D f (x1) =
∫
C
dn
2π i
(x1)
−n D˜ f (n) , (12)
and similarly for the double parton distribution function
D f1 f2(x1, x2) =
∫
C1
dn1
2π i
(x1)
−n1
∫
C2
dn2
2π i
(x2)
−n2 D˜ f1 f2(n1,n2),
(13)
where the integration contours C1 and C2 lie to the right of the 
rightmost singularity in the complex plane of n1 and n2, respec-
tively. Let us emphasize that formula (13) is only applicable to 
x1,2 ∈ [0, 1] and x1 + x2 ≤ 1.
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Mellin moments after the integration of both sides over x2 with 
the factor (x2)n2−1. Thus, we ﬁnd∑
f1
D˜ f1 f2(2,n2) = D˜ f2(n2) − D˜ f2(n2 + 1) , (14)
D˜qf2(1,n2) − D˜q¯ f2(1,n2) = (Nq − δ f2q + δ f2q)D˜ f2(n2). (15)
Analogous relations hold true for the second parton∑
f2
D˜ f1 f2(n1,2) = D˜ f1(n1) − D˜ f1(n1 + 1) , (16)
D˜ f1q(n1,1) − D˜ f1q(n1,1) = (Nq − δ f1q + δ f1q)D˜ f1(n1). (17)
These sum rules have to be satisﬁed simultaneously with the mo-
mentum sum rule for the single parton distribution∑
f
D˜ f (2) = 1 , (18)
and the valence quark sum rule
D˜q(1) − D˜q(1) = Nq . (19)
It would be extremely useful to construct initial conditions for 
DPDFs which fulﬁll the above sum rules since the PDFs on the r.h.s.
of Eqs. (3)–(6) are very well known from the global analysis ﬁts. 
Thus, the PDFs constrain the DPDFs, solving or signiﬁcantly reduc-
ing the problem of uncertainty in the speciﬁcation of initial condi-
tions for DPDFs evolution. For this purpose, we consider the single 
PDF parametrization from the MSTW ﬁts [39]. We will choose the 
leading order (LO) version of this parameterization since the evolu-
tion equations (2) are given in leading logarithmic approximation. 
We start from considering the case with only gluons. This limits 
the set of the possible distributions in which Dgg and Dg are the 
only relevant functions and of course we only have to fulﬁll the 
momentum sum rule.
4. Pure gluon case
The single gluon distribution is speciﬁed in the LO MSTW pa-
rameterization at the scale Q 0 = 1 GeV and is given in the form
Dg(x) = Ag xδg−1(1− x)ηg (1+ g
√
x+ γg x) , (20)
where Ag = 0.0012216, δg = −0.83657, ηg = 2.3882, g =
−38.997 and γg = 1445.5. For errors on these parameters and 
the discussion of their determination, see [39]. Since we only use 
gluons in our analysis, we renormalize the gluon distribution such 
that the total longitudinal momentum carried by gluons equals 
one, which results in Ag = 0.0033723. This is really not so cru-
cial here as the normalization can be set arbitrarily for the single 
channel case and it does not affect the subsequent discussion. The 
parametrization (20) can be written in a general form which is 
more suitable for our purpose
Dg(x) =
L∑
k=1
Nkg x
αkg (1− x)βkg , (21)
where L = 3 and the parameters Nkg , αkg and βkg can easily be found 
by the comparison with eq. (20),
N1g = Ag , N2g = g Ag , N3g = γg Ag
α1g = δg − 1 , α2g = δg − 12 , α3g = δg ,
β1g = β2g = β3g = ηg . (22)In the Mellin space, the gluon distribution (20) can be written as
D˜ g(n) =
L∑
k=1
Nkg
(n + αkg)(βkg + 1)
(n + αkg + βkg + 1)
, (23)
where the expression on the r.h.s., (x)(y)/(x + y) ≡ B(x, y), 
is the Euler Beta function. Thus the MSTW parametrization for the 
initial condition is in the form of the sum over the Beta functions 
with different sets of parameters which govern the small x → 0
and large x → 1 behavior.
For the double parton distribution Dgg we shall take the fol-
lowing ansatz in the form
Dgg(x1, x2) =
L∑
k=1
N¯kgg (x1x2)
α¯kg (1− x1 − x2)β¯kg , (24)
where N¯kgg , α¯
k
g and β¯
k
g are the parameters to be determined. The 
above ansatz is in the form of the sum over the Dirichlet-type dis-
tributions of order K = 3
f (x1, x2;γ1, γ2, γ3) = N
K=3∏
i=1
xγii , (25)
with x1, x2 > 0, x1 + x2 ≤ 1 and x3 = 1 − x1 − x2. Notice that 
the function (24) is parton exchange symmetric, Dgg(x1, x2) =
Dgg(x2, x1), as it should be. It should also fulﬁll the momentum 
sum rules with respect to both partons. Also note that the number 
of terms in this sum, L, is the same as the number of terms in the 
single parton distribution (21). The Mellin space representation of 
the above ansatz reads
D˜ gg(n1,n2) =
L∑
k=1
N¯kgg
(n1 + α¯kg)(n2 + α¯kg)(1+ β¯kg)
(n1 + n2 + 1+ β¯kg + 2α¯kg)
, (26)
which is in the form of the generalized Beta function.
In the pure gluon case only the momentum sum rule for the 
DPDFs in the momentum space reads,
1−x2∫
0
dx1x1Dgg(x1, x2) = (1− x2)Dg(x2) , (27)
and similarly for the momentum sum rule with respect to the sec-
ond gluon. In the Mellin representation this condition reduces to
D˜ gg(2,n2) = D˜ g(n2) − D˜ g(n2 + 1) . (28)
It is easy to see that the distributions of the form presented in 
Eqs. (21) and (24) fulﬁll the momentum sum rule provided certain 
constraints are satisﬁed. The right hand side of Eq. (28) is the dif-
ference of the moments of single parton distributions which can 
be written as
D˜ g(n2) − D˜ g(n2 + 1) =
L∑
k=1
Nkg B(n2 + αkg, βkg + 2)
=
L∑
k=1
Nkg
(n2 + αkg)(βkg + 2)
(n2 + αkg + βkg + 2)
, (29)
where we used the following property of the Beta function
B(a,b) = B(a + 1,b) + B(a,b + 1) . (30)
On the other hand the left-hand-side of Eq. (28) is obtained upon 
setting n1 = 2 in Eq. (26)
D˜ gg(2,n2) =
L∑
N¯kgg
(2+ α¯kg)(n2 + α¯kg)(1+ β¯kg)
(3+ n2 + β¯kg + 2α¯kg)
. (31)k=1
562 K. Golec-Biernat et al. / Physics Letters B 750 (2015) 559–564Fig. 1. The distribution x1x2Dgg (x1, x2 = 10−2) at Q 20 = 1 GeV2 (left upper panel) and Q 2 = 10 GeV2 (right upper panel) and the ratio (38) (lower panels). The solid lines 
correspond to input (34) (our) while the dashed lines to input (36) (prod).Now in order for the momentum sum rule to be satisﬁed, we need 
Eqs. (29) and (31) to be equal term by term in the sum over k. 
From the requirement that the poles and zeros in n in each term 
should be in the same location we ﬁnd that
α¯kg = αkg , 2α¯kg + β¯kg + 3 = αkg + βkg + 2 , (32)
and from the requirement that the normalization of each terms 
should be the same we have that
N¯kgg (2+ α¯kg)(1+ β¯kg) = Nkg (2+ βkg) . (33)
From these relations we compute all the parameters of the dou-
ble gluon distribution in terms of the known parameters of the 
single gluon distribution, given by Eq. (22), to ﬁnd the following 
parameter-free double distribution at the initial scale Q 0 = 1 GeV,
Dgg(x1, x2) =
3∑
k=1
Nkg
(βkg + 2)
(αkg + 2)(βkg − αkg)
× (x1x2)αkg (1− x1 − x2)βkg−αkg−1 , (34)
satisfying the momentum sum rule (27) by construction. Notice 
that even for small momentum fractions, x1,2 	 1, the result-
ing double gluon distribution is not factorizable, i.e. Dgg(x1, x2) 
=
Dg(x1)Dg(x2).
5. Evolution of double gluon distribution
The evolution equations (2) reduced to the pure gluon case 
have the following form
∂
∂ ln Q 2
Dgg(x1, x2, Q )
= αs(Q )
2π
{ 1−x2∫
du
u
Pgg
( x1
u
)
Dgg(u, x2, Q )x1+
1−x1∫
x2
du
u
Pgg
( x2
u
)
Dgg(x1,u, Q )
+ 1
x1 + x2 P
R
gg
(
x1
x1 + x2
)
Dg(x1 + x2, Q )
}
, (35)
where P Rgg is the gluon-to-two gluon splitting function for real 
emission in the LO approximation. Strictly speaking, such an equa-
tion can be reasonable approximation for small values of momen-
tum fractions. Using our numerical program, we solve the above 
equation with the initial condition (34). We compare our results 
with those obtained from the usually assumed form of the initial 
conditions [18], which satisfy the momentum sum rule only ap-
proximately,
Dgg(x1, x2) = Dg(x1)Dg(x2)ρ(x1, x2) (36)
where the correlation factor
ρ(x1, x2) = (1− x1 − x2)
2
(1− x1)2(1− x2)2 . (37)
The results are shown in Fig. 1 and Fig. 2. We plot there the 
double gluon distribution x1x2Dgg(x1, x2) as a function of x1 for 
two values of the scale, initial Q 20 = 1 GeV2 and Q 2 = 10 GeV2
(upper panels), for two ﬁxed values of x2, small 10−2 and large 0.5, 
respectively. The solid lines show the results obtained from our 
input (34) while the dashed lines correspond to the input (36) with 
the gluon distribution (20). In the lower panels we plot the ratio,
ratio = Dgg(x1, x2)
Dg(x1)Dg(x2)
, (38)
which characterizes factorizability of the double gluon distribution 
into a product of two single gluon distributions.
K. Golec-Biernat et al. / Physics Letters B 750 (2015) 559–564 563Fig. 2. The distribution x1x2Dgg (x1, x2 = 0.5) at Q 20 = 1 GeV2 (left upper panel) and Q 2 = 10 GeV2 (right upper panel) and the ratio (38) (lower panels). The solid lines 
correspond to input (34) (our) while the dashed lines to input (36) (prod).For both values of x2, the initial double gluon distributions dif-
fer signiﬁcantly for small values of x1, up to 10−1 for x2 = 10−2
and up to 10−3 for x2 = 0.5. However, the QCD evolution equation 
erases this difference already at the scale Q 2 = 10 GeV2, see the 
upper panels in both ﬁgures. As we have observed, the initial dis-
tribution (34) is not factorizable into a product of two single gluon 
distributions for any values of x1 and x2. However, if both momen-
tum fractions are small (< 0.01), Dgg becomes factorizable with 
good accuracy after evolution to the shown value of Q 2, see the 
lower panels in both ﬁgures. A small breaking of the factorization 
can be attributed to the non-homogeneous term in the evolution 
equation (35). If one of the two momentum fractions is large, like 
the shown x2 = 0.5, this is no longer the case and the factorization 
is signiﬁcantly broken for all values of x1 independent of the val-
ues of the evolution scale. We checked that for larger values of Q 2
than the ones shown here. We have to remember, however, that 
the large x domain has to be supplemented by quarks.
In conclusion, the initial double gluon distribution (34) is very 
different from that proposed so far. However, the QCD evolution 
equation signiﬁcantly diminishes this difference at not so high val-
ues of the evolution scale Q 2.
6. Summary
In this paper we constructed the double gluon distribution Dgg
from the known single gluon distribution Dg , given by the MSTW 
parameterization, in the pure gluon case. The construction is based 
on the expansion in terms of functions which are the Dirichlet dis-
tributions. Since the MSTW distribution has already the form of 
the sum over Dirichlet distributions of order 2, we postulated the 
double gluon distribution as a sum over the Dirichlet distributions 
of order 3 and identiﬁed the parameters in the two distributions 
using the momentum sum rule for this purpose. As a result, we 
obtained the parameter free double gluon distribution which we 
evolve with the QCD evolution equation. We studied the buildup of the factorized form of Dgg with the increasing evolution scale Q . 
We found that such a form approximately sets up rather quickly 
for small momentum fractions, x1,2 < 0.1. As expected, for higher 
values of x, the factorized form is not valid at all due to the con-
straint from the momentum sum rule.
The next step would be to extend this formalism to include the 
quarks and satisfy the momentum and valence quark sum rules 
simultaneously. The expansion in terms of the Dirichlet functions 
can be constructed also in the case with quarks. The whole formal-
ism is however much more complicated due to the large number 
of the double parton distribution and therefore the full analysis 
will be presented in the future publication.
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